Abstract. We show that domains of non-trivial Σ 1 1 trees have ∆ 1 1 members. Using this, we show that smooth treeable equivalence relations have Borel transversals, and essentially countable treeable equivalence relations have Borel complete countable sections. We show also that treeable equivalence relations which are ccc idealistic, measured, or generated by a Borel action of a Polish group have Borel complete countable sections.
Introduction
Suppose that E and F are equivalence relations on Polish spaces X and Y . A reduction of E to F is a function π : X → Y such that ∀x 1 , x 2 ∈ X (x 1 Ex 2 ⇔ π(x 1 )F π(x 2 )).
We say that E is smooth if there is a Polish space Y and a Borel reduction of E to the diagonal ∆(Y ) = {(y, y) : y ∈ Y }. It is clear that every smooth equivalence relation is Borel. We say that E is countable if its equivalence classes are all countable. We say that E is essentially countable if it is Borel reducible to a countable equivalence relation on a Polish space. A simple reflection argument can be used to show that every essentially countable Borel equivalence relation is Borel reducible to a countable Borel equivalence relation.
A graph on X is an irreflexive, symmetric set G ⊆ X ×X. A G-path is a sequence x i i≤n such that ∀i < n ((x i , x i+1 ) ∈ G). We say that G is acyclic if there is no G-path x i i≤n+2 such that x 0 = x n+2 and ∀i ≤ n (x i = x i+2 ). We use E G to denote the equivalence relation on X consisting of pairs (x, y) for which there is a G-path from x to y, and we use [x] G to denote the corresponding equivalence class.
A treeing of E is an acyclic graph T on X such that E = E T . We say that E is treeable if it has a Σ 1 1 treeing. A simple boundedness argument can be used to show that every Σ 1 1 treeing of a Borel equivalence relation is Borel. We say that E is σ-treeable if it is the union of countably many treeable subequivalence relations. A simple reflection argument can be used to show that every σ-treeable Borel equivalence relation is the union of countably many treeable Borel equivalence relations. While the notion of treeability has played an important role in the study of countable Borel equivalence relations, it has gone largely unstudied outside of the countable case.
An E-transversal is a set B ⊆ X whose intersection with each E-class is a singleton. An E-countable section is a set B ⊆ X whose intersection with each E-class is countable. An E-complete section is a set B ⊆ X whose intersection with each E-class is non-empty.
Our first two results concern the circumstances under which Σ In order to obtain these results, we employ the methods of effective descriptive set theory. We direct the reader unfamiliar with this area to [5] for an excellent introduction to the subject and to [6] for a more thorough treatment.
We say that a subset A of a recursively presented Polish space is σ(x)-treeable if there are acyclic Σ
The above results are corollaries of the following basis theorem:
We say that a σ-ideal I on X is ccc if there is no sequence A α α<ω 1 
We say that E is measured if there is an assignment C → µ C of non-zero σ-finite measures µ C on C to each equivalence class C of E such that for every r ∈ R, Polish space Y , and
. Clearly, every measured equivalence relation is ccc idealistic. The following fact can be viewed as an analog of Theorem 1.5 of [3] for treeable equivalence relations and answers a question that was raised in [1] .
Theorem. Every ccc idealistic σ-treeable equivalence relation has a Borel complete countable section. In particular, this holds for σ-treeable equivalence relations which are either measured or generated by a Borel action of a Polish group.
The primary new ingredient behind our results is the isolation of a non-empty set of critical points associated with any pair (T , I), where T is an acyclic graph and I is a σ-ideal on the domain of T . In §2, we define this set and use some of its basic properties to obtain our first three theorems. In §3, we show that if I is ccc, then the corresponding set of critical points is necessarily countable. We then use this observation to obtain our final theorem.
Treeable sets and essentially countable equivalence relations
Suppose that X is a set, T is an acyclic graph on X, and I is a σ-ideal on X. We use the notation ∀ I x ∈ A φ(x) to indicate that {x ∈ A : ¬φ(x)} ∈ I. We say that x is T -between y, z if yE T z and the injective T -path from y to z passes through x. Let d T denote the usual graph metric, and set C T (y, r) = {x ∈ X : d T (x, y) = r}; note then that C T (y, 1) = T y , the points directly adjacent to y in T . We say that y is (T , I, r)-critical if C T (y, r) / ∈ I and
Proposition 1. Suppose that X is a set, T is an acyclic graph on X, I is a σ-ideal
on X, and
Proof. Fix r ∈ N least for which there exists y ∈ [x] T such that C T (y, r) / ∈ I. We claim that y is (T , I, r)-critical. If r = 0, then this is clear. Otherwise, suppose that v ∈ C T (y, r), and fix z ∈ T y the first point along the injective T -path from y to v. Our choice of r ensures that C T (z, r − 1) ∈ I, and it is clear that if
Given sets X, Y and σ-ideals
I, J on X, Y , let I * J denote the σ-ideal of sets R ⊆ X × Y such that ∀ I x ∈ X ∀ J y ∈ Y ((x, y) / ∈ R).
Proposition 2. Suppose that X is a Polish space, T is an acyclic
Then there are Σ
and set U = (X \ U ) . Thus U is the set of points y either equal to x or for which we have an injective path from y to x, the last point of which prior to x is in U .
Lemma 3. There is an open set
Proof. The notion of betweenness associated with T is given by
It is clearly sufficient to show that (B T ) x is contained in the union of the sets of the form U × U , where U varies over some fixed countable basis for X. We
We say that a subset of a recursively presented Polish space X is Σ 1 subsets of X which separates points, and for each n ∈ N, let R n denote the set of pairs (y, z) ∈ A × B with the property that there is an injective T -path x i i≤2r from y to z such that exactly one of x, x r is in U n . Then R n is a Σ 1 1 subset of A × B which is disjoint from A × B; thus R n = ∅. It follows that x is the unique point for which there is an injective T -path x i i≤2r such that (x 0 , x 2r ) ∈ A × B and x = x r , so {x} is Σ We can now prove our basis theorem for σ-treeable sets: (1) E has a Borel complete countable section;
Theorem 5. Suppose that X is a recursively presented Polish space and A is a non-empty σ-treeable Σ
Proof. To see (1) ⇒ (2), suppose that B ⊆ X is a Borel E-complete countable section. By Exercise 35.13 of [4] , there are functions f n with Σ To see (2) ⇒ (1) note that, by the usual relativization arguments, we can assume that X is recursively presented, E is Σ Along similar lines, we can now characterize the existence of Borel transversals.
Theorem 7. Suppose that X is a Polish space and E is a smooth σ-treeable equivalence relation on X. Then E has a Borel transversal.
Proof. By the usual relativization arguments, we can assume that X is recursively presented, E is Σ 1 1 transversal.
Idealistic equivalence relations
We say that a σ-ideal I on a Polish space X is Π 
We say that I is weakly ccc if for every Polish space W and Σ n ), and observe that if B w / ∈ I, then there exists n ∈ N such that (B n ) w / ∈ I. Fix n ∈ N for which there are uncountably many w ∈ W such that (B n ) w / ∈ I. As B n is clearly pairwise disjoint, this contradicts our assumption that I is weakly ccc. We can now establish the promised sufficient conditions for essential countability:
Theorem 11. Suppose that X is a Polish space and E is a ccc idealistic σ-treeable equivalence relation on X. Then E has a Borel complete countable section.
Proof. Fix a Π graphs T n such that E = n∈N E T n . For each n ∈ N, set A n = C∈X/E crit(T n , I C ), and observe that
thus A n is Σ 1 1 . Proposition 8 ensures that A n is an E-countable section. For each C ∈ X/E and x ∈ C, the fact that C = n∈N [x] T n implies that there exists n ∈ N such that [x] T n / ∈ I C ; thus Proposition 1 ensures that A n ∩ [x] T n = ∅. It follows that A = n∈N A n is an E-complete countable section. As A is Σ 1 1 and the Mazurkiewicz-Sierpiński Theorem (see, for example, Theorem 29.19 of [4] ) implies that the property of being an E-countable section is Π 1 1 on Σ 1 1 , it follows from the first reflection theorem (see, for example, Theorem 35.10 of [4] ) that A is contained in a Borel E-complete countable section.
As a corollary, we obtain the following:
Theorem 12. Suppose that X is a Polish space and E is a σ-treeable equivalence relation on X which is either generated by a Borel action of a Polish group or measured. Then E has a Borel complete countable section.
Proof. In light of Theorem 11, it is enough to show that if E is generated by a Borel action of a Polish group, then E is ccc idealistic. Towards this end, suppose that G is a Polish group which acts in a Borel fashion on X so as to generate E. For each x ∈ X, let I x denote the σ-ideal of sets A ⊆ [x] E such that {g ∈ G : g · x ∈ A} is meager. Localization easily implies that I x is ccc. As meagerness is preserved under right multiplication, it follows that if xEy, then I x = I y ; thus we obtain an assignment C → I C of σ-ideals to the equivalence classes of E by setting I C = I x , for x ∈ C. Novikov's Theorem (see, for example, Theorem 29.22 of [4] ) implies that C → I C is Σ 1 1 on Π 1 1 , and it follows that E is ccc idealistic.
Recall that E 1 is the equivalence relation on (2 N ) N given by xE 1 y ⇔ ∃n ∈ N ∀m ≥ n (x(m) = y(m)).
In light of [2] and our work here, it is natural to ask the following:
Question 13. Suppose that E is a σ-treeable Borel equivalence relation on a Polish space. Must it be the case that exactly one of the following holds:
(1) E is essentially countable, or (2) E 1 ≤ B E?
